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Many of you may have the impression that it is hot in Beijing at this time of year.  I do not.
 I would first like to thank the organizers for the chance to participate in this workshop and escape the Texas summer heat.
I am going to talk about a new type of ordered electronic state, one which has been previously imagined as something  that 
could occur in principle – but may be present for the first time in a bilayer graphene.
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I would like to first acknowledge my collaborators – for this talk mainly Hongki Min now at the U. of Maryland, Marco Polini in Pisa and Jeil Jung and Fan Zhang in Austin.  



Bilayer Graphene
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Since this is not a graphene workshop I should start by explaining what is special about bilayer graphene.



Sublattice-Pseudospins

A

B
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 and the pseudospin in this case is the sublattice degree of freedom.  Band eigenstates are linear combination of A and B 



Gapless !

Pseudospin
Chirality !

v ~ 100nm/(10-13 s)
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A graphene cyrstal has a linear band crossing at the Brillouin-zone corner as others have mentioned. 
This property is shared with the surface states of 3D TI’s and most properties are essentially the same.
I will use the 2D Dirac model valid at energies below an eV or 2.  These band states have momentum parallel to a pseudospin.  



Bilayer AB stacking

A1 B1

A2 B2

Novoselov et al. – Nature Phys. (2006)
McCann & Falko – PRL (2006)  
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Quantized Anomalous Hall 
Effect
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The broken symmetry I will discuss involves the spontaneous appearance of quantized anomalous Hall effects in the absence of a magnetic field
So AHE effect discussed by Prof. Nagaosa this morning 
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Square Lattice
nearest neighbor

tight-binding 
model

Berry Curvature
Chern Index



Pseudospin-1/2 Berry Curvature
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For 2 band system  (pseudospin-1/2) we can evaluate these Chern indices without doing any calculations since it is equal to the number of times 
The unit sphere in pseudospin direction is covered.  
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Chern Index Phase Diagram Pseudospin-Orbit 
Coupling
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When I first 
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Bilayer Graphene Valley Hall Effect

Di Xiao et al., PRL (2008)



Spontaneous Quantum Hall 
Effects in Bilayer Graphene
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Now I will try to explain why these mass terms arise spontaneously in bilayer graphene.
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The story is related in part to Coulomb interactions and to the famous negative compressibility of two-diemensional electron systems – measured finally by Jim Eisenstein.  
The contribution of correlations to the chemical potential of a 2D electron system  - so d\nu/dn changes sign.  





Bilayer Graphene Ps Ferromagnet
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c
k-space Vortex

Min et al. PRB (2008)
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In Bilayer graphene there’s an extra ingredient which acts … 



Min et al. PRB (2008)

Graphene
Ps Ferromagnet
Phase Diagram



Fan et al. PRB (2010)  Sun et al. PRL (2009) 
Vafek & Yang, PRB (2010)    Lemonik et al. PRB (2010)

Beyond Mean-Field Theory  
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Quasiparticle Hamiltonian  

Pseudospin
Polarization





gapped

tilted
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(a) = `ps ferro’
σHall =0

(b) = `anomalous 
Hall insulator’
(Levitov)
σHall ≠ 0 

(c)= `layer AF 
insulator’
σHall =0 

(d) = `spin Hall 
insulator’
σHall =0

R. Nandkishore & Levitov PRB (2010)
Fan Zhang et al. PRL (2011)



Local inverse compressibility, 
B 0 T

B

σHall ~ dn/dB
(Streda)

Feldman et al. 
Nature Physics (2009)

Martin et al. PRL (2010)
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Order 
Parameter

Dependence of 
Landau Levels



S Y M M E T R I E S

(apologies to Adriaan Schakel) 

Condensed Matter Physics



N-layer
ABC Graphene

Min and AHM, 
PRB (2008), PRL (2009)
Fan et al. PRB (2010)



Spontaneous Hall States 
Bilayer Graphene

Doped Bilayer Graphene
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I’m going to mention both single-layer and bilayer electron systems – which are quite different from each other as others have mentioned.  I’m going to allow myself the luxury of not worry whether 
or not any of these effects are useful.  But first let me set the context for my remarks.
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Werner Heisenberg Fritz London
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F. London Phys. Rev. 74 (1948)
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The same thing can happen with other degrees of freedom – as already observed in this old paper by Fritz London.  London was actually looking for a theory of superconductivity and speculating that it might be due to many-body quantum states that spontaneously carry a current because energy is gained by occupying states that are close together in momentum space.  This paper is actually one of a number of interesting but incorrect theories of superconductivity.  As I’ll comment later it might however be closely related to new physics that can occur in bilayers.  
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Doped Bilayer Graphene
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Now here’s another possibility that has not been discovered experimentally and could be extremely interesting.  
I am showing you a blow up of the band structure of ialyer graphene with an electric field applied between the layers.  
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Doped Bilayer Graphene
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The first states we should occupy are in this larger ring.  Zero-field analog of level inversion.  
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F. London Phys. Rev. 74 (1948)

Doped Bilayer Graphene

F. London’s 
Spontaneous 

Current State



Thank you! 

Allan MacDonald – UT Austin

SWAN
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