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The four-dimensional quantum Hall effect (4D QHE) was first theoretically proposed by S.C. Zhang et al. in 2001 [1] and is closely related to the
SU(2) Yang monopole in five-dimensional space. For a long time, this theory lacked suitable material systems for experimental verification. In 2008
and 2009, the groups of S.C. Zhang [2] and D. Vanderbilt [3] independently demonstrated that, by treating three-dimensional space together with time
as a four-dimensional parameter space, the 4D QHE can manifest as the topological magnetoelectric effect (TME) in three-dimensional topological
insulators. Analogous to the two-dimensional quantum Hall effect characterized by the first Chern number, the 4D QHE is characterized by the
second Chern number. Currently, three-dimensional topological insulators serve as the primary material platform for 4D QHE research, but the
expected TME signal is extremely weak, necessitating ultra-high-sensitivity measurement techniques.

In this talk, | will present our recent breakthroughs in addressing this long-standing experimental challenge. First, using the quantum anomalous Hall
(QAH) system as a validation platform, we developed an ultra-sensitive out-of-plane charge accumulation measurement technique with a resolution
of <0.1 fC/Gs, achieving the first observation of quantized charge accumulation in the multi-domain 4D QHE regime [4]. Second, we pioneered an
active capacitive compensation method that introduces an effective negative capacitance in the gate line, equivalently enhancing the gate capacitance.
This approach successfully recovered over 95% of the severely attenuated signal in QAH samples, removing a key technological barrier for single-
domain 4D QHE detection [5].

With these core technologies established, we are now positioned to pursue the final experimental observation of the 4D QHE through both transport
and optical measurement approaches. This talk will provide a comprehensive overview of the scientific concepts, technical innovations, and future
directions of our research, highlighting our systematic progress toward unveiling this fundamental topological phenomenon. If time permits, other
directions [6,7] of ongoing research in my lab will also be presented.
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